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The general kind noncanonical warm inflation is introduced and its total non-Gaussianity of perturbation on
uniform energy density hypersurfaces is studied. The total non-Gaussianity contains two complementary parts:
the three- and the four-point correlations. The three-point correlation part denoted by f int
NL
, comes from the three-
point correlation of inflaton field, while the four-point correlation part, denoted by f δN
NL
, is the contribution due to
the four-point correlation function of the inflaton field. The aforementioned two parts of non-Gaussianity in gen-
eral noncanonical warm inflation are calculated and analysed respectively, and the comparisons and discussions
of the two parts are finally carried out in this study.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Inflation can successfully solve the problems of horizon,
flatness and monopole suffered in the Big Bang Universe [1–
3]. Inflation is also able to give a natural mechanism to clarify
the observed anisotropy of the cosmological microwave back-
ground (CMB) and the large scale structure (LSS) exactly. Till
now, there are two kinds of inflationary theory: standard infla-
tion, (also called cold inflation), and warm inflation. Warm
inflation was firstly proposed by A. Berera in 1995 [4, 5].
Warm inflation not only inherits the advantages of standard
inflation, such as solving the problems of horizon, flatness and
monopole, but also has its own advantages. In warm inflation,
the slow roll conditions are more easily to be satisfied due to
the thermal damped effect [6–9]. The “η problem” [10, 11]
and overlarge amplitude of inflaton [12, 13] suffered in stan-
dard inflation can be cured in warm inflation scenario. The
important difference between two kinds of inflationary theory
is the origin of cosmological density fluctuations. The fluc-
tuations mainly originate from thermal fluctuations in warm
inflation [13–17], while these fluctuations come from vacuum
quantum fluctuations in standard inflation [18, 19]. During
warm inflation, the inflaton field is not isolated and the ra-
diation can be produced constantly through the interactions
between the inflaton field and other subdominated boson or
fermion fields. Hence, there is no reheating phase and the
Universe can smoothly go into the big-bang radiation domi-
nated phase.
Typically, the power spectrum of density perturbations and
the relative amplitude of gravitational waves are usually cal-
culated by researchers. Because the power spectrum only re-
flects only two-point correlation statistics information, the in-
formation in the power spectrum is limited to some extent. A
range of different inflationary models are meeting two-point
correlation observations. Only calculations and observations
∗Corresponding author; Electronic address: zhangxm@mail.bnu.edu.cn
†Electronic address: zhujy@bnu.edu.cn
about two-point perturbation quantities will not allow us effi-
ciently discriminate among these models. Thus there has been
growing interest in calculating not only the power spectrum
but also the bispectrum and other measures of possible devia-
tions from purely Gaussian distribution as a possible discrim-
inant between different inflationary models. Non-Gaussianity
is an important issue when analyzing inflation models. The
primordial curvature perturbation in slow roll inflation is dom-
inated by the Gaussian term, and it has a rather small deviation
from pure Gaussian distributed term. The three-point func-
tion, (or its Fourier transform - the bispectrum) represents the
lowest order statistics able to distinguish non-Gaussian from
Gaussian perturbations [20, 21]. The non-Gaussianity of stan-
dard inflation in both canonical inflationary theory [22–27]
and noncanonical theory [28–30] has been analysed in previ-
ous works. It’s found that the single canonical slow roll infla-
tionary model produces a negligible non-Gaussianity, while
the non-Gaussianity in noncanonical or multi-field inflation-
ary models is significant. In warm inflation, the issue of non-
Gaussianity has also been analysed in different cases, such as
strong or weak dissipative regime, temperature independent or
dependent case [31–34]. Many works studied the primordial
non-Gaussianity generated in warm inflationary models in re-
cent years, but most of them have been concentrating on the
canonical warm inflationary case.
The non-Gaussianity in noncanonical warm inflation was
first considered in the work [35] and it reached the conclu-
sion that small sound speed and large dissipation strength can
both enhance the magnitude of the non-Gaussianity. The stud-
ied case [35] is the noncanonical warm inflation with a La-
grangian density able to be written in a separable form for the
kinetic term and the potential term. In this paper, the non-
Gaussianity in a more general noncanonical warm inflation is
calculated where the Lagrangian density can have a coupled
form for the kinetic and potential terms. Observational lim-
its are usually put on the nonlinear parameter fNL and it can
describe the level of non-Gaussianity effectively. The non-
Gaussianity in our new noncanonical warm inflation contains
two complementary parts. One part is the three-point corre-
lation part or intrinsic part, denoted by f int
NL
, coming from the
2three-point correlation or self-interaction of the inflaton field.
The other part is the four-point correlation part, denoted by
f δN
NL
, which is the contribution due to the four-point correla-
tion function of the inflaton field. The f δN
NL
part can be cal-
culated by δN formalism, and δN formalism was proposed to
deal with the issue of non-Gaussianity in [25, 27]. It is con-
venient to calculate the non-Gaussianity using δN formalism,
especially in multi-field inflationary scenario [26, 27, 36–38].
We introduce δN formalism to calculate the primordial non-
Gaussianity generated in canonical warm inflation for the first
time in previous study [39], and we will use it to calculate
the δN part non-Gaussianity in noncanonical warm inflation
in this work.
The paper is organized as follows: Sec. II introduces a
new noncanonical warm inflationary scenario, giving the ba-
sic equations of the new picture. In Sec. III, we introduce
the δN formalism and calculate the part of non-Gaussianity
coming from the four-point correlation of the inflaton field,
denoted by f δN
NL
. Then the three-point correlation part non-
Gaussianity, denoted by f int
NL
, is also calculated. Finally, we
draw the conclusions and discussions in Sec. IV.
II. THE GENERAL NONCANONICALWARM INFLATION
In warm inflation, a significant amount of radiation is pro-
duced constantly during the inflationary epoch. Thus, the Uni-
verse is hot with a non-zero temperature T . In warm inflation,
the Universe is a multi-component system with the total mat-
ter action:
S =
∫
d4x
√−g [L(X′, ϕ) + LR +Lint] , (1)
where X′ = 1
2
gµν∂µϕ∂νϕ. In above equation, L(X′, ϕ) is the
Lagrangian density of the noncanonical field, LR is the La-
grangian density of radiation fields and Lint represents the
interactions between the scalar fields in warm inflation. A
proper noncanonical Lagrangian density should meet the fol-
lowing conditions: LX′ ≥ 0 and LX′X′ ≥ 0 [40, 41], where the
subscript X′ denotes a derivative.
Varying the action, we can get motion equation of inflaton:
∂(L(X′, ϕ) +Lint)
∂ϕ
−
(
1√
g
)
∂µ
(√
g
∂L(X′, ϕ)
∂(∂µϕ)
)
= 0. (2)
The field is homogeneous in the flat Friedmann-Robertson-
Walker (FRW) Universe, i.e. ϕ = ϕ(t). The motion equation
of the inflaton field can be reduced to:[(
∂L(X′, ϕ)
∂X′
+ 2X′
(
∂2L(X′, ϕ)
∂X′2
))]
ϕ¨
+
[
3H
(
∂L(X′, ϕ)
∂X′
)
+ ϕ˙
(
∂2L(X′, ϕ)
∂X′∂ϕ
)]
ϕ˙
−∂(L(X
′, ϕ) +Lint)
∂ϕ
= 0, (3)
where X′ = 1
2
ϕ˙2 and H is the Hubble parameter.
The energy density and the pressure of inflaton are:
ρ(ϕ, X′) = 2X′ ∂L
∂X′ − L, p(ϕ, X′) = L. The sound speed can
describe the traveling speed of scalar perturbations, defined as
c2s =
∂p/∂X′
∂ρ/∂X′ =
(
1 + 2X′ LX′X′L′
X
)−1
.
Considering warm inflationary assumptions and the defini-
tion of sound speed, the motion equation of the noncanonical
inflaton can be expressed as [42]:
LX′c−2s ϕ¨ + (3HLX′ + Γ˜)ϕ˙ +LX′ϕϕ˙2 + Ve f f ,ϕ(ϕ, T ) = 0. (4)
The subscript ϕ also denotes a derivative, and we write the
thermal effective potential Ve f f as V for simplicity. Γ˜ is the
dissipative coefficient in warm inflation.
The Eq. (4) has an annoying quadratic term LX′ϕϕ˙2 due
to the non-vanishing kinetic potential coupling term of La-
grangian density LX′ϕ. This makes the inflation difficult to
solve such as giving slow roll approximations and calculat-
ing perturbations. Fortunately, we can eliminate this term by
making a field redefinition φ = f (ϕ) in many cases [42]. In
the new field representation, the Lagrangian density becomes
L(X, φ), where X = 1
2
φ˙2 in the FRW Universe. With the field
redefinition, a new field representation φ = f (ϕ) is selected to
make the coupling term disappeared:
LXφ =
1
f 4ϕ
[ fϕLX′ϕ − 2 fϕϕL′X − 2 fϕϕLX′X′X′] = 0. (5)
In this equation, fϕ denotes the first-order derivative of the
function f (ϕ), and fϕϕ denotes the second-order derivative of
f (ϕ). This procedure can be done in many general noncanon-
ical warm inflationary cases [42]. In the redefined uncoupling
φ representation, the slow roll approximations and slow roll
conditions of noncanonical warm inflation can be easily given
out. The motion equation of inflaton in the new redefined φ
representation becomes:
LXc−2s φ¨ + (3HLX + Γ)φ˙ + Ve f f ,φ(φ, T ) = 0, (6)
where Γ is the dissipative coefficient in the φ representation.
Γ and Γ˜ have the relation Γ˜ = f 2ϕΓ [42]. With the help of
field redefinition, the calculations about two-point perturba-
tions in noncanonical warm inflation is easy to be performed
[42]. Since the total non-Gaussianity is independent on the
concrete field representation, the easy-to-use φ representation
is chosen when calculating non-Gaussianity generated by gen-
eral noncanonical warm inflation in the following.
Different from canonical warm inflation, the inflatons and
the dissipative coefficient may not have the normal mass di-
mension in general noncanonical warm inflation. The dissi-
pation strength parameter r in our general noncanonical warm
inflation is defined as [42]:
r =
Γ
3HLX
. (7)
When r ≫ 1, warm inflation is in strong regime, while when
r ≪ 1, warm inflation is in weak regime.
The slow roll parameters in inflation are usually defined as:
ǫ˜ =
M2p
2
(
Vφ
V
)2
, η˜ = M2p
Vφφ
V
, β˜ = M2p
VφΓφ
VΓ
. (8)
3Generally speaking, the above slow roll parameters are no
longer dimensionless in general noncanonical warm inflation,
different from canonical inflation. In general warm inflation,
we can define some new slow roll parameters as:
ǫ =
M2p
2LX
(
Vφ
V
)2
, η =
M2p
LX
Vφφ
V
, β =
M2p
LX
VφΓφ
VΓ
. (9)
Now, the new slow roll parameters are dimensionless. Asso-
ciated with temperature in warm inflation, another two slow
roll parameters are:
b =
TVφT
Vφ
, (10)
and
c =
TΓT
Γ
. (11)
The validity of slow roll approximations are described by
the slow roll conditions [9, 42]:
ǫ˜ ≪ LX(1 + r)
c2s
, β˜≪ LX(1 + r)
c2s
, η˜ ≪ LX
c2s
,
b≪ min{1, r}
(1 + r)c2s
, |c| < 4. (12)
Under slow roll conditions and in the φ representation, the
motion equation of noncanonical inflaton can be reduced to:
3HLX(1 + r)φ˙ + LXφφ˙2 + Ve f f ,φ = 0. (13)
Compared to cold inflation and canonical warm inflation,
the slow roll approximations are easily to be guaranteed under
the condition of noncanonical warm inflation. The number of
e-folds in general noncanonical warm inflation is expressed
as:
N =
∫
Hdt =
∫
H
φ˙
dφ ≃ − 1
M2p
∫ φend
φ∗
VLX(1 + r)
Vφ
dφ, (14)
where M2p =
1
8πG
and the subscript ∗ is used to denote the time
of horizon crossing.
III. THE NON-GAUSSIANITY IN GENERAL
NONCANONICALWARM INFLATION
The non-Gaussianity in general noncanonical warm infla-
tion contains two part: the δN part and the intrinsic part. Now,
these two part are calculated respectively.
A. the δN part non-Gaussianity
δN formalism, often used to calculate the non-Gaussianity
of multi-field inflation [36–38], was proposed in many works
such as [25, 26, 43–45]. The primordial curvature perturba-
tion on uniform density hypersurfaces of the Universe, de-
noted by ζ, was Gaussian term dominated with a nearly scale-
invariant spectrum, as cosmological observations suggests.
During inflationary period, the evolution of the Universe
was supposed to be determined mainly by one or more infla-
ton fields. Considering small perturbations, we can expand
full scalar field as Φi(t, x) = φi(t) + δφi(t, x) in a convenient
flat slicing gauge. As the observations suggests, the curva-
ture perturbation ζ is almost Gaussian. So we expand ζ up to
second-order for a good accuracy:
ζ(t, x) = δN ≃
∑
i
N,i(t)δφi +
1
2
∑
i j
N,i j(t)δφiδφ j, (15)
where N,i ≡ ∂N∂φi and N,i j ≡
∂2N
∂φi∂φ j
.
They may be entirely responsible for the observed non-
Gaussianity if the field perturbations are pure Gaussian. This
non-Gaussianity reflects the contributions of four-point corre-
lations, called δN part non-Gaussianity.
However, the inflaton field perturbation in inflation deviates
from pure Gaussian distribution to some extent. The devia-
tion from pure Gaussian distribution in noncanonical inflation
is larger than the one in canonical inflation. Thus in general
noncanonical warm inflation, we also need to compute non-
Gaussianity generated by intrinsic non-Gaussianity of inflaton
field.
The power spectrum of the curvature perturbation ζ, de-
noted by Pζ , is defined in the relation:
〈ζk1ζk2 〉 ≡ (2π)3δ3(k1 + k2)
2π2
k3
1
Pζ(k1), (16)
and Pζ(k) ≡ k32π2 Pζ(k).
Three-point function of curvature perturbation, or its
Fourier transform, the bispectrum, is the dominated and low-
est order non-Gaussianity. The bispectrum is usually defined
through the relation:
〈ζk1ζk2ζk3 〉 ≡ (2π)3δ3(k1 + k2 + k3)Bζ(k1, k2, k3). (17)
Observational limits are usually put on the nonlinear pa-
rameter fNL. And the magnitude of non-Gaussianity can be
evaluated through the nonlinear parameter. Since the curva-
ture perturbations are Gaussian term dominated, its bispec-
trum can have the general form:
Bζ(k1, k2, k3) ≡ −6
5
fNL(k1, k2, k3)
[
Pζ(k1)Pζ(k2) + cyclic
]
.
(18)
We can use the ralation Eq. (15) to compute the whole non-
Gaussianity, and the calculation can yield
〈ζk1ζk2ζk3 〉 =
∑
i jk
N,iN, jN,k〈δφik1δφ jk2δφkk3〉
+
1
2
∑
i jkl
N,iN, jN,kl〈δφik1δφ jk2(δφk ⋆ δφl)k3〉 + perms. (19)
In above equation, a star denotes the convolution, and the cor-
relation functions higher than four-point are neglected. The
first line in above equation, a three-point correlation, is the
contribution from the intrinsic non-Gaussianity of the inflaton
4fields. The second line, a four-point correlation, reflects the
δN part non-Gaussianity, which is scale independent. It can
be calculated conveniently by using δN formalism.
According to the δN formalism, the expression for δN part
nonlinear parameter is given by [26, 46]:
− 3
5
f δNNL =
∑
i j N,iN, jN,i j
2
[∑
i N
2
,i
]2 . (20)
During noncanonical warm inflation, only one inflaton field
dominates, so only one δφi is relevant. Then Eq. (15) reduces
to
ζ(t, x) = N,iδφi +
1
2
N,ii (δφi)
2 , (21)
so we can yield
− 3
5
f δNNL =
1
2
N,ii
N2
,i
. (22)
Since there is only one δφi, without ambiguity, we can rewrite
N,i as Nφ and N,ii as Nφφ below. The f
δN
NL
term is scale indepen-
dent can be found throughEq. (22). The total non-Gaussianity
should be described by fNL = f
δN
NL
+ f int
NL
, and our calculation
is based on the relation.
Inflationary observations are estimated on the time of hori-
zon crossing. Since horizon crossing is well inside the slow
roll inflationary regime, it is safe to calculate the δN part non-
linear parameter f δN
NL
in slow roll approximations. Under slow
roll conditions, this relation can be given out:
Nφ = − 1
M2p
VLX(1 + r)
Vφ
. (23)
From Eq. (23), we can get
Nφφ = −
1
M2p
LX(1 + r) − VVφφLX(1 + r)
V2φ
+
VΓφ
3HVφ
− LXr
2
]
. (24)
And then we have
Nφφ
N2φ
= −M2p
 V
2
φ
LX(1 + r)V2
− VφφLX(1 + r)V
+
ΓφVφr
ΓVLX(1 + r)2
−
rV2φ
2V2LX(1 + r)2
 . (25)
With the help of the Eqs. (22) and (25), and the slow roll
parameters ǫ˜ =
M2p
2
(
Vφ
V
)2
, η˜ = M2p
Vφφ
V
, β˜ = M2p
VφΓφ
VΓ
, or the
new defined slow roll parameters ǫ =
M2p
2LX
(
Vφ
V
)2
, η =
M2p
LX
Vφφ
V
,
β =
M2p
LX
VφΓφ
VΓ
, we can obtain the δN part nonlinear parameter:
f δNNL =
5
6
[
2ǫ˜
LX(1 + r)
− η˜LX(1 + r)
+
rβ˜
LX(1 + r)2
− rǫ˜LX(1 + r)2
]
=
5
6
[
2ǫ
1 + r
− η
1 + r
+
rβ
(1 + r)2
− rǫ
(1 + r)2
]
≪ 1. (26)
From above calculations, we can reach the conclusion that
the δN part nonlinear parameter f δN
NL
is scale independent.
This is due to that the δN part nonlinear parameter is de-
cided only by nonperturbative background equations, as δN
formalism indicated. From the slow roll conditions in non-
canonical warm inflation and above equation, we can find that
| f δN
NL
| ∼ O
(
ǫ˜
LX(1+r)
)
. 1. Thus f δN
NL
is a first order small quan-
tity in slow roll approximations.
The slow roll conditions in noncanonical warm inflation
suggest that the amplitude of δN part non-Gaussianity is not
significant during inflationary epoch, and it can grow slightly
along with the inflation of Universe. Since the δN form
non-Gaussianity is not large enough, obviously, it’s insuffi-
cient to use this part to represent the whole primordial non-
Gaussianity generated by inflation as performed in some pa-
pers [25, 39]. It is essential to calculate the intrinsic non-
Gaussianity generated by three-point correlation functions of
inflaton field.
B. the intrinsic part non-Gaussianity
Different to cold inflation, the fluctuations in warm infla-
tion origin from thermal fluctuations. In noncanonical warm
inflation, only one scalar field acts as inflaton. And consid-
ering small perturbations, we can expand the full inflaton as
Φ(x, t) = φ(t) + δφ(x, t), where δφ is the perturbation field
around the homogenous background field φ(t) as usual.
Perturbation observation quantities are evaluated at the time
of horizon crossing, and horizon crossing is well inside slow
roll regime. In slow roll noncanonical warm inflation, due to
the enhanced Hubble damped term and thermal damped term,
the evolution of inflaton is overdamped. The evolution of the
inflaton perturbations is quite slow in slow roll regime as in-
dicated in [15]. So introducing the white stochastic thermal
noise ξ, the motion equation of the full field in Fourier space
can be expressed as:
dΦ(k, t)
dt
=
1
3HLX(1 + r)
[
−k2pLXδφ(k, t) − Vφ(Φ(k, t)) + ξ(k, t)
]
.
(27)
In above equation, k is the physical momentum with the no-
tation k ≡ kp = kc/a (kc is the comoving momentum). And
the magnitude of physical momentum is denoted as k = |k| in
the following. Then the motion equation for the perturbations
can be obtained from Eq. (27):
3HLX(1 + r)δφ˙k + (LXk2 + Vφφ)δφk = ξk. (28)
The thermal stochastic noise ξ in thermal system has zero
mean 〈ξ〉 = 0. The noise source is Markovian in high tem-
perature limit T → ∞: 〈ξ(k, t)ξ(k′, t′)〉 = 2ΓT (2π)3δ3(k −
k′)δ(t − t′) [15, 47].
Thermal noise term introduced in warm inflation is white
noise, i.e. Gaussian distributed [14]. The inflaton perturba-
tions can be divided into first order, second order and higher
orders (higher order perturbations are tiny and thus we do not
concentrate on them). The leading order inflaton perturba-
tion is first order perturbation. It is the linear response to the
5thermal noise, so it is also Gaussian distributed. The inflaton
fluctuations should be expanded at least to second order if we
want to calculate the predicted bispectrum of inflaton pertur-
bation from Eq. (27). The inflaton perturbation is expanded
as: δφ(x, t) = δφ1(x, t) + δφ2(x, t), where δφ1 = O(δφ) and
δφ2 = O(δφ2).
Thenwe can get the motion equation for the first and second
order perturbations through perturbing the evolution equation
of the full inflaton Eq. (27) to second order:
d
dt
δφ1(k, t) =
1
3HLX(1 + r)
[
−LXk2δφ1(k, t) − Vφφ(φ(t))δφ1(k, t) + ξ(k, t)
]
, (29)
and
d
dt
δφ2(k, t) =
1
3HLX(1 + r)
[
−LXk2δφ2(k, t) − Vφφ(φ(t))δφ2(k, t)
− 1
2
Vφφφ(φ(t))
∫
dp3
(2π)3
δφ1(p, t)δφ1(k − p, t) − k2LXX
∫
dp3
(2π)3
δφ1(p, t)δX1(k − p, t)
]
. (30)
Solving the above two evolution equations respectively, we can get the analytic solutions of first order perturbations δφ1 and
second order perturbations δφ2:
δφ1(k, τ) =
1
3HLX(1 + r)
exp
[
− LXk
2
+ m2
3HLX(1 + r)
(τ − τ0)
] ∫ τ
τ0
dτ′ exp
[ LXk2 + m2
3HLX(1 + r)
(
τ′ − τ0
)]
ξ(k, τ′)
+ δφ1(k, τ0) exp
[
− LXk
2
+ m2
3HLX(1 + r)
(τ − τ0)
]
, (31)
and
δφ2(k, τ) = exp
[
− LXk
2
+ m2
3HLX(1 + r)
(τ − τ0)
] ∫ τ
τ0
dτ′ exp
[ LXk2 + m2
3HLX(1 + r)
(
τ′ − τ0
)] [
A(k, τ′)
∫
dp3
(2π)3
δφ1(p, τ
′)δφ1(k − p, τ′)
− k
2LXX
√
2X
[3HLX(1 + r)]2
∫
dp3
(2π)3
δφ1(p, τ
′)ξ(k − p, τ′)
 + δφ2(k, τ0) exp
[
− LXk
2
+ m2
3HLX(1 + r)
(τ − τ0)
]
, (32)
where m2 = Vφφ is the effective squared inflaton mass and the
parameter A(k, τ) appeared in above equation is
A(k, τ) = − Vφφφ
6HLX(1 + r)
+
k2LXX
√
2X(LXk2 + Vφφ)
[3HLX(1 + r)]2
. (33)
Both the second terms on the righthand side of above solu-
tions are memory terms that reflect the state of the given mode
at the beginning time τ0. From Eq. (31) we can find that the
larger the squared magnitude of the physical momentum k2
is, the faster the relaxation rate is. If k2 is large enough for
the mode to relax within a Hubble time, that mode thermal-
izes. While as soon as the physical momentum of a Φ(x, t)
field mode becomes less than a critical value kF , it essentially
feels no effect of the thermal noise during a Hubble time. kF
is called freeze-out momentum in warm inflation. Based on
Eq. (31), we define a parameter τ(φ) =
3HLX(1+r)
LXk2p+m2 that describe
the efficiency of the thermalizing process. Then the freeze-out
momentum kF can be given out by the condition:
LXk2F + m2
(3HLX(1 + r)H
= 1. (34)
From the criterion, we can work out that kF ≃
√
3(1 + r)H.
As we stated before, the first order inflaton perturbations
δφ1 are Gaussian fields. From the stochastic statistics proper-
ties, we know their bispectrum vanishes. If we want to cal-
culate non-Gaussianity, the leading order should be the bis-
pectrum generated from two first order and one second order
fluctuations:
6〈δφ(k1, τ)δφ(k2, τ)δφ(k3, τ)〉
=

∫ τ
τ0
dτ′ exp
 LXk23 + m2
3HLX(1 + r)
(
τ′ − τ0
)
[
A(k3, τ
′)
∫
dp3
(2π)3
〈δφ1(k1, τ)δφ1(k2, τ)δφ1(p, τ′)δφ1(k3 − p, τ′)〉
− k
2
3
LXX
√
2X
[3HLX(1 + r)]2
∫
dp3
(2π)3
〈δφ1(k1, τ)δφ1(k2, τ)δφ1(p, τ′)ξ(k3 − p, τ′)〉

 × exp
− LXk23 + m2
3HLX(1 + r)
(τ − τ0)

+ exp
− LXk23 + m2
3HLX(1 + r)
(τ − τ0)
 〈δφ1(k1, τ)δφ1(k2, τ)δφ2(k3, τ0)〉 + (k1 ↔ k3) + (k2 ↔ k3). (35)
The amplitude of the bispectrum are determined at the time
when cosmological scale exits the horizon, nearly 60 e-folds
before the end of inflation and for k1, k2 and k3 all within
a few e-folds of crossing the horizon. From the expression
of kF , we know kF > H in noncanonical warm inflationary
model. It implies the δφ correlations that should be computed
at the time of Hubble horizon crossing k = H, are the ther-
malized correlations that were fixed at earlier freeze-out time
k = kF [14]. So the time interval in the corrections can be
given by
∆tF = tH − tF ≃ 1
H
ln
(
kF
H
)
. (36)
Then the bispectrum can reduce to
〈δφ(k1, t)δφ(k2, t)δφ(k3, t)〉 ≃ 2A(kF , tF)∆tF
×
[∫
dp3
(2π)3
〈δφ1(k1, t)δφ1(p, t)〉〈δφ1(k2, t)δφ1(k3 − p, t)〉
+ (k1 ↔ k3) + (k2 ↔ k3)] . (37)
In spatially flat gauge we have the relation:
ζ =
H
φ˙
δφ. (38)
Through the Eqs. (37) (38) and (18), we can obtain the
nonlinear parameter of the intrinsic non-Gaussianity:
f intNL = −
5
6
φ˙
H
2A(kF , tF)∆tF
= − 5
6
ln
√
3(1 + r)
 ǫ˜ ε˜L2
X
(1 + r)2
+
(
1
c2s
− 1
)
= − 5
6
ln
√
3(1 + r)
ǫε
(1 + r)2︸                        ︷︷                        ︸
term1
− 5
6
ln
√
3(1 + r)
(
1
c2s
− 1
)
︸                         ︷︷                         ︸
term2
. (39)
The parameter ε in above equation is defined as ε = 2M2p
Vφφφ
LXVφ ,
which can be seen as a slow roll parameter that has the same
magnitude as the slow roll parameter η. Hence, the intrinsic
nonlinear parameter f int
NL
in the context of general noncanoni-
cal warm inflationary theory is obtained, able to be compared
to the observations.
Using the slow roll conditions in general noncanonical
warm inflation, we can get:
term1 = −5
6
ǫε
(1 + r)2
ln
√
3(1 + r) ≪ 1. (40)
Obviously, the first term of intrinsic nonlinear parameter f int
NL
is much less than the second term, so the dominating term in
f int
NL
is the second term. Then the intrinsic nonlinear parameter
can be approximated to
f intNL ≃ −
5
6
(
1
c2s
− 1
)
ln
√
3(1 + r). (41)
Based on this equation, a small sound speed of the inflaton can
much enhance the amount of the intrinsic non-Gaussianity. It
means that the stronger the noncanonical effect is, the more
the departure from Gaussian distribution is. From the result,
we also conclude that the strong dissipation effect of warm
inflation can also contribute to the intrinsic non-Gaussianity
to some degree. The new observations of PLANCK satellite
suggest no evidence for primordial non-Gaussianity [48] and
place an upper bound | fNL | < O(102), which means the domi-
nating factor of intrinsic non-Gaussianity, i.e. sound speed cs
should not be too small.
C. the estimation of the whole non-Gaussianity
Based on the results we reached in preceding part of the
paper, now, we compare the non-Gaussianities in two parts.
As we stated before, f δN
NL
can be expressed as the polymer-
ization of the new defined slow roll parameters. Therefore,
f δN
NL
can not be much larger than one. While the intrinsic part
f int
NL
is much larger than one if the sound speed of the infla-
ton is small enough. Then we can get the conclusion that the
dominating part in the whole non-Gaussianity is the intrinsic
part when noncanonical effect is strong (cs ≪ 1). The strong
noncanonical effect (i.e. small sound speed) contributes most
to the non-Gaussian distributions in noncanonical warm infla-
tion.
7With the nonlinear parameter in two parts we have got, the
total nonlinear parameter now can be approximated as:
fNL = f
int
NL + f
δN
NL ≃
(
1
c2s
− 1
)
ln
√
3(1 + r). (42)
The obtained general non-Gaussian results in noncanonical
warm inflation can reduce to canonical case in the limit cs →
1:
f δNNL =
5ǫ
3(1 + r)
− 5η
6(1 + r)
− 5rǫ
6(1 + r)2
+
5rβ
6(1 + r)2
, (43)
and
f intNL = −
5
6
ln
√
3(1 + r)
ǫε
(1 + r)2
. (44)
The term f δN
NL
is a first order slow roll small quantity while
f int
NL
is a second order small quantity. Above equations suggest
that in canonical warm inflation, the non-Gaussian feature is
quite different from that in noncanonical warm inflation. The
differences are mainly reflected by that, in canonical warm in-
flation, the total nonlinear parameter fNL is dominated by the
f δN
NL
term instead of the f int
NL
term. Eqs. (43) and (44) suggest
that primordial non-Gaussianity in canonical warm inflation
is not significant, quite different from noncanonical warm in-
flation.
IV. CONCLUSIONS AND DISCUSSIONS
In this paper, the whole primordial non-Gaussianity gener-
ated in general noncanonical warm inflation was investigated.
We introduce the framework of general noncanonical warm
inflation. The main equations of noncanonical warm infla-
tion, such as motion equation, e-folds, slow roll equations and
slow roll conditions are presented. Also, we concentrate on
the major issue: non-Gaussianity generated by general warm
inflation. The nonlinear parameter are usually used to mea-
sure the magnitude of non-Gaussianity and it can be divided
into two parts: the intrinsic part f int
NL
and the δN part f δN
NL
. The
first part describes the contribution of the three-point corre-
lation, i.e., the intrinsic non-Gaussianity of the inflaton field.
And the second part results from the four-point correlation of
inflaton perturbations. These two parts together can represent
the primordial non-Gaussianity in noncanonical warm infla-
tion entirely.
To calculate the δN part non-Gaussianity, δN formalism is
introduced and used. With the obtained result, we reach the
conclusion that f δN
NL
can be expressed as a linear combination
of the new defined slow roll parameters. So f δN
NL
is a first order
small quantity in slow roll inflation, which indicates the δN
part non-Gaussianity in general noncanonical warm inflation
can not be significant. This case is the same as in canonical
warm inflation. But the situation is different when calculating
intrinsic non-Gaussianity. The intrinsic part non-Gaussianity
origins from three-points correlations of inflaton itself, mainly
dependent on the sound speed and dissipation strength param-
eter. Throughout the whole non-Gaussianity in general non-
canonical warm inflation, we find that f int
NL
overwhelms the
f δN
NL
part, and the sound speed plays the dominated role. Ther-
mal dissipation effects and higher order correlations also con-
tribute to non-Gaussianity to a certain extent.
Warm k-inflation is no longer dominated by the potential,
and its non-Gaussianity also deserves more cognitions and re-
searches. In the near future we will also concentrate on this
problem.
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